In this paper, we deal with the boundary value problems without initial condition for Schrödinger systems in cylinders. We establish several results on the regularity of the solutions.
Introduction
The theory of initial boundary value problems for partial differential equations and systems in nonsmooth domains has attracted the attention of many researchers. These problems for Schrödinger systems in domain with conical points are considered in [, ] , in which authors consider the existence, the uniqueness and the regularity of solutions of the mentioned problems. While problems without initial conditions arise when describing different nonstationary processes in nature under the hypothesis that the initial condition practically has no influence at the present time. These problems are investigated in many works, see [-] for example, with results only about the well-posedness. In [], we studied the boundary value problem without initial condition for Schrödinger systems in domain with conical points. By studying the corresponding problem with initial condition t = h, then passing to the limits h → -∞, we obtained the existence and uniqueness of the solution. In the present paper, we continue considering the mentioned problem and our main aim here is to study the regularity of the solution.
There are four sections in this paper. In Section , we set the problem and recall an obvious result about the unique existence of solution. Afterwards, in Sections  and , by a similar method to [, ], we give results on the regularity of problems with initial condition t = h for Schrödinger systems in domains with conical points. Then, by letting h → -∞, the smoothness of the generalized solution of our problem is obtained in Section . http://www.boundaryvalueproblems.com/content/2014/1/181 borhood U  satisfying ∩ U  and coincides with the cone K = {x : x/|x| ∈ G}, where G is a smooth domain on the unit sphere
Let us introduce some functional spaces (see [] ) used in this paper.
We use H k ( ) to denote the space of s-dimensional vector functions defined in with the norm
Denote by H k,l ( b a ) the space consisting of all vector functions u :
and
) is the space of vector functions with norm
In particular,
Denote by We assume further that the form B(t, ·, ·) satisfies the following condition: there exists a constant μ  >  independent of t and u such that 
where ν is the unit vector of outer normal to the surrounding surface 
For any h ∈ R, we also consider the following problem with initial condition corresponding to problem (.)-(.): 
We recall the results about the solvability of problem (
Theorem . Assume that:
The regularity with respect to time variable of the problem with initial condition
The regularity of problem (.)-(.) is implied by analogous property for problem (.)-
, the regularity with respect to time variable of problem (
. Now, by a similar method, we consider the
). Moreover, we also show that the constants C in all prior estimates do not depend on h.
Theorem . Assume that l ∈ N and there exists μ >  such that
(i) sup{| ∂a pq ∂t | : (x, t) ∈ R ,  ≤ |p|, |q| ≤ m, } = μ < ∞, | ∂ k a pq ∂t k | ≤ μ  , μ  > , for  ≤ k ≤ l + ; (ii) f t k ∈ L  (-γ , ∞ h ), for k ≤ l + , f t k (x, h) =  for all x ∈ ,  ≤ k ≤ l. Then for all γ > (l + )γ  , the solution v ∈ • H m, (-γ , R ) of problem (.)-(.
) has derivatives with respect to t up to order l satisfying v t k
where the constant C does not depend on v, f , h.
For any N ∈ N, the approximating solutions can be found in the form
N k= is the solution of the ordinary differential system
From the assumptions it follows that the coefficients C N k (t), defined uniquely by (.), have derivatives up to order l +  and v N (x, h) = . It is very easy to check that
Step : Prove that
Taking the derivative (k -) times of both sides of (.) with respect to t, then multiplying both sides by
) and taking the sum with respect to k from  to N , we arrive at
Step : A priori estimate for v N t k . For k = l + , adding (.) to its complex conjugate, integrating with respect to t from h to τ , and then integrating by parts, we get
We denote by I, II, III, IV , V , and VI the terms from the first, second, third, fourth, fifth, sixth, and seventh, respectively, of the right-hand sides of (.). We will give estimations for these terms. Using Cauchy's inequality, for any  > , we have
where
, then for all  < < μ  , using above estimations and (.), we obtain
where C is a positive constant. On the other hand, in [] one already has the following estimate:
Multiplying both sides of (.) by e -γ τ , then integrating with respect to τ from h to ∞ we obtain
where the constant C does not depend on h. Now using (.) and (.) for l =  yields
Remember that So we can choose small enough such that α  < γ . By (.) and using the Fubini theorem we obtain
Repeating the above arguments, from (.) one can prove for any
N has derivative with respect to t up to the lth and for any k = , l
The inequality (.) implies that {v
. By a standard weakly convergence argument, we can conclude that the sequence {v 
Further results on the regularity of solution of problem with initial condition
Assume that ω is a local coordinate system on S n- . Moreover, assume that the principal part of the operator L(x, t, D) at origin  can be written in the form
where Q is a linear operator with smooth coefficients. Consider the following spectral problem:
Proceeding similarly to Lemma . in [], the following lemma holds.
) and the following estimate holds:
where the constant C is independent of v, f , h.
Lemma . Let v(x, t) be a generalized solution of problem
In addition suppose that the http://www.boundaryvalueproblems.com/content/2014/1/181
Proof First, we prove that
where C does not depend on h, s ≤ m. Doing the same in [, Proposition .] we have
, for a.e. t ∈ [h, ∞), where C = constant. Multiplying both sides of this inequality by e -γ t , then integrating with respect to t from h to ∞, we get
and by Lemma .
from which it follows that
That means (.) is proved for s = . http://www.boundaryvalueproblems.com/content/2014/1/181
Now assume that (.) is true for s -. By differentiating the systems (.) s times with respect to t and by putting w = v t s , we obtain
From the inductive hypothesis and repeating the arguments of the proof in the case s = , the inequality (.) holds for s.
Since
, from (.) and Theorem ., (.) is true. The lemma is proved.
Theorem . Let l be a nonnegative integer. Assume that v(x, t) is a weak solution in the
there is no point from the spectrum of
Proof . Firstly, we study the case u ≡  outside U  . We use the induction by l. For l = , this theorem is proved by Lemma . with noting that H
Assume that the theorem's assertion holds up to l -, we need to prove that this holds up to l.
Firstly we will prove the following inequality:
for all j = l, l -, . . . , , where the constant C is independent of h.
). So using similar arguments in the proof of Theorem . we get
). This means that (.)holds for j = l.
Assume that (.) holds for j = l, l -, . . . , s + . By the assumption of the induction of l, v ∈ H .
The theorem is proved.
The regularity of solution of problem (2.2)-(2.3)
The generalized solution of problem (.)-(.) can be approximated by a sequence of solutions of problems with initial condition (.)-(.).
